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Today’s quantum devices are noisy, so reducing circuit size is critical for reliable execution. Existing rule-based
optimizers often rely on large rule sets that are difficult to manage and still miss long-distance transformations.
We present QsyMB, a framework for synthesizing compact and expressive quantum-circuit rewrite rules with
formal guarantees. We formalize symbolic rewrite rules in which a symbolic gate represents infinitely many
subcircuits. We then define canonical symbolic rules of the form L;S = S; R and prove that they constitute a
compact generative core from which general symbolic rules can be derived. On top of this formal foundation,
given a gate set, QsymB synthesizes (1) a small, non-derivable concrete rule set that is complete up to chosen
size and qubit bounds, and (2) a small but expressive canonical symbolic rule set that captures transformations
beyond finite or monomial-only patterns. We further present rule anchoring to derive optimization-effective
rules from canonical symbolic rules. Together, these results provide both expressiveness and guarantees:
soundness of synthesized rules via validation, non-derivability, and bounded completeness. On the IBM-Eagle
gate set, QsyMB strictly outperforms state-of-the-art rewrite-based optimizers (Qiskit, Guoq, Quartz, TKET,
and Queso) in two-qubit-gate reduction on 90%, 67%, 82%, 85%, and 83% of standard quantum algorithm
benchmarks, respectively; on Nam gate set, the corresponding rates are 88%, 74%, 81%, 86%, and 82.9%. It
achieves final average two-qubit-gate reductions of 27.44% and 29.95%, respectively.

CCS Concepts: » Software and its engineering — Compilers; - Hardware — Quantum computation; «
Theory of computation — Equational logic and rewriting.

Additional Key Words and Phrases: quantum circuit optimization, rewrite-rule inference, equality saturation,
symbolic rewriting

ACM Reference Format:
Wei Qiang and Ronghui Gu. 2026. Synthesis of Compact and Expressive Quantum-Circuit Optimizations. Proc.
ACM Program. Lang. 10, OOPSLA2, Article 318 (October 2026), 28 pages. https://doi.org/10.1145/3839450

1 Introduction

Quantum computing promises to revolutionize computation by exploiting quantum-mechanical
phenomena such as superposition and entanglement to perform tasks that are intractable for
classical machines [37, 39]. Yet, until recently, quantum hardware has seen limited realization
in practice. Today’s quantum hardware—often referred to as Noisy Intermediate-Scale Quantum
(NISQ) devices [32]—remains severely impacted by short coherence times, gate errors, and restricted
qubit connectivity. Recent developments have implemented error-corrected logical qubits and
demonstrated the potential to reduce logical errors [3]. As a result, the efficiency of compiled
quantum circuits has a direct and often dominant impact on whether an algorithm can be executed
reliably on real hardware. Because each operation is noisy, reducing circuit size is essential for
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lowering error rates. Without optimization, circuits can produce results that are indistinguishable
from random noise.

One promising direction is to treat circuit optimization as a process of equational rewriting,
where small, equivalent circuit fragments are expressed as rewrite rules. The most prominent
approach is peephole optimization, which uses local, bounded-size rewrite rules. Some work relies
on domain experts to manually write a small set of rules [13, 18, 25], while others synthesize rewrite
rules automatically [42, 44]. However, existing techniques still produce a large number of rules,
many of which are redundant or derivable from others, and they still fail to capture the full range of
useful transformations. For example, previous works synthesize either rewrite rules with symbolic
parameters [44] or symbolic rules over monomial gates [42]; the latter represent only a finite set
of monomial subcircuits, do not induce superposition, and are limited in expressiveness. Both
approaches generate large rule sets yet still suffer from limited expressiveness.

The goal of this paper is to answer the following question: Can we automatically synthesize
quantum-circuit optimizations that are compact, expressive, and effective in practice? Qsyms
formalizes symbolic rewrite rules in which symbolic variables represent infinite subcircuit spaces,
and their associated constraints characterize the full solution set for which the left-hand side and
right-hand side are equivalent. We also formalize canonical symbolic rules of the form L;S =
S; R, from which many other symbolic rules can be derived. These canonical rules provide a
compact generative basis for deriving additional rules. Qsyms then introduces a novel approach to
quantum optimization via rewrite-rule synthesis that addresses both limitations in compactness and
expressiveness. We present a framework that, given a gate set, automatically synthesizes: (1) a much
smaller set of concrete rewrite rules that are non-derivable yet complete for circuits up to a given
size and qubit count, and (2) a small, expressive set of canonical symbolic rewrite rules in which
symbolic variables represent infinite subcircuit spaces satisfying specific constraints, including
subcircuits that induce superposition. Although the canonical symbolic rule set is complete up
to the (n, ¢) bounds, many of its rules are size-preserving. To address this, we introduce a novel
technique for composing more useful rules from the canonical symbolic rule set, enabling more
effective optimization. We demonstrate the effectiveness of our synthesized rules by applying
them to optimize quantum circuits using common techniques such as equality saturation [40]
and stochastic search. Our experiments show that our simple optimizer, using the generated rule
set, achieves superior optimization results compared to prior approaches that rely on larger, less
structured rule sets. To summarize, QsYMB contributes the following:

e Advances the existing rule inference approach using equality saturation in the synthesis of
quantum concrete rules.

e Formalizes the notion of symbolic rule and presents a novel synthesis technique that generates
symbolic rules efficiently and significantly reduces the term space without compromising
completeness.

e Introduces a novel rule-composition approach, rule anchoring, that derives more useful rules
from the rule set while keeping it small.

e Shows that the generated rule set can be integrated with simple optimization algorithms and
outperforms state-of-the-art rewrite-based optimizers.

2 Background
2.1 Quantum Gates

A quantum bit (qubit) has two basis states, 0 and 1. A basis state is represented as |0) or |1). A qubit
can also be in a linear combination (superposition) of its basis states, a [0) + f|1), where o and
B are complex numbers and |a|? + |B|?> = 1. @ and S are called amplitudes. A two-qubit state has
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four basis states |00), |01),|10), |11) and can be represented as a linear combination of these four

basis states. The leftmost qubit is labeled gy, which is the most significant bit, and the rightmost

qubit is the least significant bit. Further, an n-qubit state can be represented as a linear combination

of its 2" basis states. Measurement of a qubit state a |0) + § |1) will collapse the qubit to |0) with

probability |«|? and collapse to |1) with probability |3|?. A vector representation of a one-qubit
a

state @ |0) + B |1) is [ ]

Bl A two-qubit state  |00) + |01) + y|10) + § |11) can be represented as a

vector

=R ™ R

Quantum operations transform qubit states of a quantum system. For example, the quantum X
gate is analogous to the classical NOT gate: it transforms a qubit state a |0) + 1) to f|0) + « |1).
The Hadamard gate (H) transforms a qubit state |0) to \/ig(|0) + 1)) and |1) to \/%(IO) —-|1)). It
transforms a basis state to a state in superposition, meaning that measuring the qubit will have a
50% chance of being 0 and a 50% chance of being 1. Controlled NOT (CNOT or CX) is a two-qubit
gate that flips the second qubit if the first qubit is 1.

Quantum operations are represented as unitary matrices. For example, the X gate is represented
as

Applying the X gate to a one-qubit state a |0) + §|1) is equivalent to multiplying the matrix X by

<[il =10 o] ] - 12

Quantum circuits are sequences of quantum gates applied to a set of qubits.

o
the state vector :

p

2.2 Path Sum Representation
A gate can be written in path-sum notation as
Xy = > 6y, 0) 1f (x.y))
Y€Z,

Here, x is the input qubit state, y is the path variable that sums over all possible paths, 8 is
the symbolic angle parameter, ¢(x, y, 0) is the phase polynomial that computes the amplitude of
each path, and f(x, y) is the output function that computes the output qubit state for each path.
Intuitively, each path represents a resulting output state. If the gate induces superposition, there
are multiple paths. For example, the H gate can be represented as:

1 .
) - — > ™Y y)
\/_ yEZz

If the gate induces no superposition, there is only one path, which we call a monomial gate. For
example, the X gate can be represented as: |x) — |-x).

2.3 Matrix Semantics

The semantics of a quantum circuit is a unitary matrix of size 2" X 2", where n is the number
of qubits. Each entry in the matrix represents the amplitude of transforming one basis state into
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another. The H gate has the following matrix semantics:

=l

Many gates supported by modern quantum devices take symbolic real-valued parameters; for
example, the RZ gate is represented as follows:

-if/2
0 e ! 0
[[Rz]] = [ 0 eiﬁ/z}

The semantics of a quantum circuit is computed by matrix multiplication and the tensor product. For
example, a circuit with two gates G; and G, applied sequentially has the semantics of M = M, - My,
where M; and M, are the matrix semantics of G; and G;. A circuit with two gates G; and G, applied
in parallel on two qubits has the semantics of M = M; ® M,, where ® is the tensor product operator.

Example 2.1. Consider a two-qubit circuit in which the H gate is applied to the first qubit and the
X gate is applied to the second qubit in parallel, followed by a CNOT gate in which the first qubit is
the control and the second is the target. The graph representation of the circuit is

—{H}—
—xF—

Then, the matrix semantics of the circuit is computed as follows: ([CNOT])([H] @ [ X])-

2.4 Quantum Rewrite Rule

Two circuits are equivalent if their matrix semantics are equivalent up to some global phase 9, i.e.,
Vp, 30, My (p) = e’ M,(p), where p are the parameters of the circuits and M;, M, are their matrix
representations. To eliminate the existential quantifier, we follow an approach similar to that of
Quartz [44] and enumerate a list of 0 values that are linear combinations of the symbolic parameters
p and have been shown to suffice for synthesis. Then, we need only check M;(p) = Ms(p), where
M;s(p) = e!? M, (p). A rewrite rule is a pair of semantically equivalent circuits. Rewrite rules can be
composed to form a new rule that transforms a longer circuit. Fig. 1 shows a list of commonly used
rewrite rules. Fig. 1(a) can be written as cx qo q1; cx qo g1 — empty.

An Equivalence Circuit Class (ECC) is a set of equivalent quantum circuits. ECCs denotes a set
of equivalence classes. Any two quantum circuits in an ECC form a valid circuit rewrite. A set of
ECCs is (n, q)-complete if any valid circuit transformation (rewrite) within size bound n and qubit
bound g can be derived by composing transformations from the ECCs. The size of a circuit is its
total number of gates, and q denotes the number of qubits used by the circuit.

R? RY |

!
|
qu;

r

i
\l/

l
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5
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Fig. 1. Quantum rewrite rule example
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Fig. 3. Overview of Qsyms

2.5 Equality Saturation

An e-graph is a data structure commonly used in theorem provers [9, 16, 27] to compactly store equal-
ity relations between terms and congruence relations derived from them. An e-graph consists of a
set of e-classes (equivalence classes), each representing a set of equivalent terms, with each term rep-
resented as an e-node. Equality saturation [40] is an optimization technique that utilizes e-graphs to
perform program rewrites. The main idea is to add all possible equivalent terms of a program to the e-
graph using a set of rewrite rules and then extract the optimal term according to a cost function. The
process of adding equivalent terms to the e-graph is called saturation. During saturation, for each
rewrite rule, if the left-hand side (lhs) of the rule matches an e-class in the e-graph, then the right-
hand side (rhs) of the rule is added to the same e-class. Fig. 2 is an example of an e-graph and equality
saturation.

This process is repeated until no more terms can be added
to the e-graph. A major advantage of equality saturation
engines is that they are non-destructive: they retain all
equivalences derived, regardless of the order in which the
rules are applied. Finally, the optimal term is extracted
from the e-graph by searching for the term with the low-
est cost, as defined by a specific cost function. We utilize
equality saturation to check the derivability of a rewrite
rule from a set of smaller rewrite rules. If U is a domain
of rewrite rules (e.g., all possible rules within a gate set),
a set of rewrite rules is non-derivable if no rule in the set
is derivable by composing other smaller rules in U. The size of a quantum-circuit rewrite rule is the
maximum number of gates on either its lhs or rhs. Therefore, the rules in Fig. 1 are non-derivable
because no smaller rules exist from which they can be composed.

Fig. 2. The e-graph on the left contains the
term a + a. Running equality saturation us-
ing the rewrite rule a + a & a * 2 yields the
e-graph on the right.

3 Overview

This section describes QsyMB, a synthesis engine that generates a compact set of symbolic rewrite
rules that can represent an infinite space of subcircuits. Each rule has a symbolic subcircuit whose
constraints characterize the full set of solutions under which the rule is valid. QsymB proves that
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(1) the rule set is non-derivable, meaning that no rule in the set can be derived from the others, and
(2) any symbolic rule whose concrete part lies within the (n, q) bounds can be derived from the
canonical rules generated by Qsyms.

Fig. 3 provides an overview of our synthesis pipeline. The synthesis engine takes a gate set,
which includes a list of gates and their semantics. In step ), QsyMB synthesizes a small set of
non-derivable concrete rules that are (n, q)-complete for given values of n and g by enumerating all
possible circuit terms up to size n and qubit count g, grouping them into equivalence classes, and
inferring non-derivable rewrite rules from each equivalence class. In each e-class (dotted round
box), the red circuit is the class representative, typically the shortest circuit. In step 2), given the
previously synthesized e-classes, QsYMB synthesizes a set of canonical symbolic rewrite rules. Each
e-class representative is enumerated as either the lhs or rhs concrete part of a symbolic rule. In
each symbolic rule, the variable S denotes any subcircuit that satisfies constraint M;, where M;
characterizes the full solution set under which the lhs and rhs are equivalent. In step 3), QsYMB
designs a novel approach that selectively appends prefixes or suffixes to existing canonical symbolic
rules so that a concrete rule can be applied afterward. These canonical symbolic rules serve as a
generative basis for composing larger and more useful rules that reduce circuit size and collaborate
seamlessly with concrete rules. In the figure, the orange part of the anchored rule can match the
lhs of a concrete rule, which can reduce that part to an empty circuit. In step (@), concrete rules and
anchored symbolic rules are collected into the final rule set, which is used as input to our optimizer.

R [Tt—121—

%

Py Jany l?l
_R91 Y U 1A ]
= [ |

| L 71+ Ao xHz

[
feme]- ol

Example (e) Example (f)

=

A

Fig. 4. Variants of RZ-RX transformation

Step D. Small (n, g)-Complete Concrete Rule Set. QsymB first constructs a small, non-derivable
(n, q)-complete rule set that can represent all equivalences up to a given circuit size n and qubit
count g. It enumerates all circuits of sizes 1 through n on g qubits while removing redundant circuits
that are derivable from the rules already learned.

Example 3.1. The figure below shows a transformation cx q0 q1;rz(6) q0;x ql;cx g0 q1 —
rz(6) q0; x q1. This transformation can be derived using the rules in Fig. 1 by applying the rules in
Fig. 1(b), Fig. 1(d), and Fig. 1(a), in that order. Therefore, this rule is not learned because smaller
rules already capture the equivalence.

K- ef—h e [

Dfx-o- S x IxHao

5%
B
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Prior work [42, 44] often produces thousands to tens of thousands of rewrite rules, even when

restricted to circuits of sizes smaller than six. To address this, given a gate set G, we construct a
much smaller, non-derivable (n, g)-complete rule set that can represent all equivalences up to a
given circuit size n and qubit count q. The constructed equivalences are then used in symbolic-rule
synthesis.
Step (2. Expressive Symbolic Rule Set. One limitation of concrete rules is that they are guaran-
teed to capture only equivalences of concrete circuits enumerated within (n, q). Figure 4 shows two
rewrite rules that share a concrete part but differ in their intermediate parts. For both intermediate
parts, RZ can move to the right and become RX. In fact, the space of such intermediate parts is
infinite, and there are infinitely many such subcircuits longer than n that concrete rules are not
guaranteed to derive. The purpose of an expressive symbolic rule is to represent the full space of
such intermediate parts, compactly encoded as a constraint.

{5

Fig. 5. Circuit graph representation of an RZ-RX transform symbolic rule

Example 3.2. Fig. 5 shows the symbolic rewrite rule that transforms an RZ gate at the start into
an RX gate at the end, with a symbolic subcircuit S in between. QsymB synthesizes such rules
and the constraints on S so that the lhs and rhs are equivalent when the constraints are satisfied.
The constraints are represented as a symbolic matrix with variables and are expressive enough to
support rules in which S can represent an infinite subcircuit space that may induce superposition.
For example, QsymB allows the rule in Fig. 5 to match subcircuits that may induce superposition,
such as Example (f) in Fig. 4.

If there is no superposition in S, then S is a symbolic monomial gate: modeling the constraint space
of S involves only finite permutations in which one qubit state transforms into another because
each state is represented by a finite-length bit string. Below is a monomial-gate representation that
transforms a qubit state x into another state without superposition.

lx) = 1f(x))

If x is a one-qubit state, then there are two interpretations of the function: {|0) — |0),]1) — |1)}
and {|0) — |1),]1) — |0)}. One can simply enumerate all possible finite permutations to model
the constraint space and determine the interpretations under which the rule is valid. However,
supporting the synthesis of symbolic rules with a symbolic gate whose solution space includes
monomial subcircuits and subcircuits that induce superposition is challenging. Here is the path
sum of a circuit with superposition:

Xy = > 6y, 0) 1f (x.y))
Y€Zy

Every amplitude ¢ in every path is a complex number and is subject to the constraint }; |¢;|* = 1.
Consequently, the path sum admits an infinite number of interpretations. For example, inter-

pretations include {|0) — ‘/%(|O) + 1), 1) — \/ié(|0) — 1)} {0y — \/%(|0) +il1)), 1) -
‘/%(i [0) +[1))}, {|0) — cosB|0) +sinf|1), |1) — —sin6|0) + cos 6 |1)}, etc., where 6 can take
infinitely many values. While prior work [42] supports only symbolic rules in which S can match
monomial subcircuits, QsymB models the solution space of S as a symbolic matrix to compactly

Proc. ACM Program. Lang., Vol. 10, No. OOPSLAZ2, Article 318. Publication date: October 2026.



318:8 Wei Qiang and Ronghui Gu

represent the full solution space, which consists of an infinite number of interpretations of concrete
circuits.

Canonical Rules. Enumerating all possible symbolic rules of the form G;; S;G; — Gi; S; G; causes
combinatorial explosion. However, we prove that every symbolic rule G;; S;G; — Glf ;S; G}. has
a canonical rule represented as L; S = S;R, such that G;;5;G; — G/;S; G} can be derived from
its canonical form, and many symbolic rules can be reduced to the same canonical form. This
means that, during candidate enumeration, we only need to place the symbolic variable at the two
boundaries (prefix/suffix), instead of considering all placements where S appears in the interior of
the circuit, while capturing the same amount of equivalences.

Example 3.3. The CX cancellation rule (1) has a canonical symbolic rule (2).

cX qo q1;5;¢x qo g1 — S (1)
cxX qo q1;S = S;¢x qo @1 (2)

Intuitively, one can always derive (1) from (2) by right-appending cx qo ¢; to both sides and
applying the concrete rule cx qo q1;cx qo g1 — empty.

Even with canonical forms, there are still several challenges to address: (1) Enumerating all
canonical forms of symbolic rules and checking each candidate individually remains intractable
because the search space is still exponential if we naively enumerate L and R. (2) Directly solving S
for unitary solutions requires solving a list of non-linear equations, which are computationally
hard [4]. QsyMmB introduces a property-grouping method that groups pairs of L and R with similar
properties and proves that, once L and R are in the same group, there exists a solution for S such
that [S][L] = [R][S]. This solves the first challenge by grouping candidates that have solutions
for S, thereby avoiding checks of all N? candidates. QsymB solves the second challenge by avoiding
the direct solution of the unitary constraints on S and deriving only general solutions for S without
determining whether a unitary solution exists. However, we show that the property-grouping
method can determine whether a unitary solution exists for S, allowing us to derive valid rules and
check whether a subcircuit satisfies the constraints on S without solving the unitary constraints.
Step 3. Anchoring canonical rules. After generating canonical symbolic rules with concrete
parts bounded by size n and qubit count g, QsymB proves that other symbolic rules whose canonical
forms are within those bounds can be derived from the canonical rules. Once canonical symbolic
rules are generated, they serve as a generative basis that QsymB uses to derive more useful rules.
However, composing all possible rules is impractical because the set of possible rules is too large.
Although the canonical rules already capture the equivalences, they are mostly size-preserving.
QsyMmB introduces a novel rule anchoring technique by selectively appending the same prefix or
suffix to both sides of a canonical rule. The resulting symbolic rules are designed to collaborate
with concrete rules: after a symbolic rule is applied, a concrete rule can be applied to the resulting
term to reduce gate size.

Example 3.4. Consider the same rule from Example 3.3: cx qo q1;S = S;cx qo ¢1. QsymB first
observes that the concrete suffix on the right-hand side, cx qo g1, matches the prefix of the lhs of
the concrete rule in Fig. 1(a): cx qo q1; ¢x qo g1 — empty. Then, QsyMB "anchors" the canonical rule
by appending cx qo g; to the right of both sides:

€x qo q1; S5¢x qo 1 — S| €x qo q1;¢X qo q1 (3)

Observe that the circuit in the orange box is now the lhs of the rule cx qo q1; cx g0 g1 — empty,
which enables that rule to apply after anchoring. Intuitively, during synthesis, we retain the
anchored rule (3) rather than explicitly deriving rule (1) from the canonical rule. The additional
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suffix enables rule (3) to match CX gates on both sides of S and move one CX gate next to the other.
This creates the orange-boxed subcircuit, to which the concrete cancellation rule in Fig. 1(a) can be
applied at optimization time to cancel the two cx gates.

Steps @ and (B). Applying the rules. After generating both symbolic and concrete rules, we
demonstrate that they can be applied using a simple optimizer that combines equality saturation
with a stochastic algorithm. Concrete rules are used directly in equality saturation, while symbolic
rules are applied stochastically. Our experiments show that, with symbolic rules, this simple
optimizer can already outperform most state-of-the-art rewrite-based optimizers.

Theoretical Conclusions. (1) We prove that every symbolic rule has a canonical form and that
every symbolic rule can be reduced to and derived from its canonical form. (2) We prove that, for
any canonical symbolic rule, if [ L] and [R]] share the same set of eigenvalues, there exists a unitary
solution for S such that L; S = S;R. (3) We prove that QsymB generates a set of non-derivable
canonical symbolic rules. To keep the main text concise, longer proofs of lemmas and theorems are
provided in Appendices A and B.

4 Synthesizing Concrete Rules

Previous synthesis engines [42, 44] generate hundreds or thousands of quantum rewrite rules,
many of which are derivable from smaller rules. Qsyms synthesizes a much smaller concrete rule
set that can derive larger rules while guaranteeing (n, g)-completeness. It also removes rules that
are derivable from previously generated rules. QsymB combines Ruler-style rule inference [26] with
equality saturation to infer a non-derivable rule set, and uses an efficient Polynomial Identity Filter
(PIF) [42] to group equivalent circuits. Together, these components synthesize concrete rules that
represent circuit equivalence classes (ECCs) within (n, g) bounds.

4.1 Bottom-Up Synthesis Algorithm

Our Algorithm. Algorithm 1 shows how QsymB synthesizes concrete rules. Lines 5-6 describe

grouping all enumerated terms into classes. PIF [42] groups equivalent quantum circuits efficiently
with a low failure rate. Using PIF, QsyMB groups equivalent terms into classes while keeping the
probability of mixing semantically different circuits extremely low. The PIF map groups terms by a
PIF-computed hash. Within each group, Qsyms filters out rules that are derivable from the verified
rule set L learned in previous iterations, thereby removing duplicates. In Lines 9-19, the e-graph
adds each term of size i in a class and runs saturation with the current learned rules to merge
derivable terms. In Lines 15-17, if A and B cannot be proven equivalent under the current learned
rules, the tuple (A, B) is added to C. Thus, C tracks likely equivalences that are not yet derivable.
Method Choose selects new rules from C. It prioritizes candidates using heuristics (e.g., smaller
rules first) via a priority queue initialized with C. Choose pops candidates in priority order. For
each selected rule r, it checks whether r is derivable from existing rules R U L. If it is not derivable,
it validates equivalence with the SMT solver. Method derivable checks derivability under R U L
using equality saturation. In Line 21, newly derived rules E are canonicalized to reduce duplication
and then added to the learned rule set L.
Correctness. Because PIF is used only for grouping, every rule selected by Choose is validated with
SMT-based equivalence checking, following Quartz [44]. Therefore, all rules in L are validated, and L
always remains sound. In Line 13, the e-graph is saturated only with L, preserving soundness during
saturation. QsymB discards derivable rules early, so only a small set of non-derivable candidates
proceeds to SMT verification.
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Algorithm 1 Concrete Rule Synthesis

1:
2
3
4
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:

function SYNTHESIZECONCRETE(n, q)
PIF « InitPIFMap()
L0
fori:=1tondo

X « enumerate(i, q)
PIF.insert(x) for each x € X
C—20
for each class EC grouped by PIF do
egraph «— EmptyEgraph()
for each term T € EC do
egraph.add(T)
end for
egraph.run_saturation(L)
for all (A, B) € egraph.eclasses X egraph.eclasses do
if A, B not in same eclass of egraph then
C«— CU{(AB)}
end if
end for
end for
E—0;
E < Choose(C,L)
L « L U Canonicalize(E)

end for
return L
: end function

26: function CHOOSE(C, L)

37:

R0
q < PriorityQ(C)
while q is not empty do

r— q.pop()

if derivable(r,L U R) then
continue

end if

if smt.check_equivalent(r.lhs, r.rhs) then
R<—RU{r}

end if

end while
return R

39: end function

Completeness. Given a gate set G, function enumerate(i, q) inLine 3 of Algorithm 1 enumerates
all circuit terms of size i on q qubits. Therefore, all rewrite rules formed by terms with size up to n
and qubit count g can be derived by the rule set synthesized by Algorithm 1.

Remove Redundant Rules. Choose removes rules that are already derivable by running equality
saturation with learned rules L and newly selected rules. If a rule’s lhs and rhs are already in the
same e-class, that rule is derivable from existing rules. Therefore, Choose selects only rules that are
not yet derivable. QsymB also adopts pruning techniques from Quartz [44]: (1) Enumerate selects
one representative term of size i from each equivalence class to construct terms of size i + 1; and
(2) circuits with common prefix or suffix subcircuits are filtered out. In Choose, the priority queue
selects smaller and more abstract rules first. For example, rz(6;);rz(62) — rz(0; + 0,) is selected
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before rz(m);rz(x) — rz(x + x); for rules with the same structure, the most general valid rule is
selected first.

Rule Canonization. The Canonicalize function in Algorithm 1 converts rewrite rules into
canonical form to reduce duplication. For example, we generated rules like

x q0;x q0 — empty

x ql;x q1 — empty
The two rules have the same meaning, except they act on different qubits. Thus, all such rules can
be canonized into a single rule: x g; x ¢ — empty.

5 Synthesizing Symbolic Rewrite Rules

Large concrete rule sets are hard to manage and can cause both synthesis and optimization costs
to grow rapidly as term size increases. On the other hand, very small rule sets may suffer in opti-
mization quality because long-distance rewrites are difficult to compose. In such cases, either many
iterations of equality saturation [40] are required, or search algorithms such as beam search [42, 44]
take a long time to discover large equivalences. For long circuits, equality saturation can quickly
fill the e-graph with e-nodes. To address these limitations, we synthesize symbolic rules with
symbolic variables, allowing a rule to represent infinitely many subcircuits for which the lhs and
rhs are equivalent. These rules can match long-distance subcircuits as long as the constraints
are satisfied. Previous work supports symbolic gate parameters [42, 44] or symbolic monomial
gates [42], which represent only a finite set of subcircuit interpretations. However, real circuits
often contain superposition, which requires more expressive symbolic rules that can represent
subcircuits with superposition.

5.1 Symbolic Rule

A symbolic rule R, can be represented by the equation Gy; S; G, = G; S; G, where Gy, Gy, G;, G, are
concrete circuit sequences, and S is a symbolic variable representing a set of subcircuits such that,
for any subcircuit C in the set, G; C; G = G; C; G;. The S on the lhs is used to match a subcircuit
C, and the S on the rhs indicates where C should be substituted. Fig. 6 shows a circuit-graph
representation of the symbolic rule in Example 3.3. The goal of Qsyms is to find a representation of
S that captures the complete set of unitary interpretations of S under which the equation holds.

a b ¢ c
d m f f
S =
g h j k
- g h k j
Pary 5 AN 5
T U Fig. 7. Symbolic matrix that repre-
sents the intermediate subcircuit of CX
Fig. 6. Graph representation of a CX-cancellation symbolic rule. cancellation.

5.2 Constraints

QsyYMB represents the solution of S as a symbolic matrix that captures all unitary matrices to
which S can be instantiated while keeping the lhs and rhs equivalent. During matching, a symbolic
subcircuit can match any subcircuit whose unitary matrix is represented by this symbolic matrix.
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Fig. 7 shows how the intermediate part of a symbolic rule (e.g.,
CX c.ancellatlon) can be represented asa4 X 4 symbo.hc unitary (P2 + |ml? + [f2 + |f12 =1
matrix S, where a, b, ¢, . . ., j are complex variables satisfying the
unitary constraint SS* = I. Expanding this constraint yields a |gI? + [RI* + [j1* + 1k[* =1
set of non-linear equations, illustrated in Fig. 8. In the figure, |ad" +bm" +cf* +cf* =0
|x|?> denotes xx*, where x* is the complex conjugate of x. To
determine whether S has valid solutions, QsymB must find a
symbolic matrix form (as in Fig. 7) that satisfies both constraints:
(1) G1;5; G2 = G1; S; G, and (2) S has a unitary solution. However,
enumerating circuits in (1) can cause combinatorial explosion, and solving non-linear equations
in (2) is known to be computationally expensive [4] and to scale poorly as the matrix dimension
increases. We now discuss how Qsyms avoids checking the non-linear equations and infers candidate
solutions for S.

lal* + [BI? + lc|* + || = 1

Fig. 8. The constraints correspond-
ing to Fig. 7

5.3 Canonical Symbolic Rules and Property Grouping

Having defined symbolic rules and constraints, we now describe how QsyMmB synthesizes symbolic
rules. There are two key challenges. (1) Unlike concrete-rule synthesis, where likely equivalent
concrete terms can be grouped efficiently using probabilistic equivalence checking, symbolic terms
are hard to group because symbolic variables have infinitely many possible instantiations. (2) If
there are N concrete terms, checking whether each candidate admits a valid symbolic constraint
requires considering an exponential number of candidates. For example, for two concrete candidate
terms G1; G; Gs and Gg; Gs, we need to insert a symbolic variable at every position and produce an
exponentially large number of symbolic-rule candidates: Gy; S; G; Gs = G4; S; Gs, G1;G2; S;G3 =
Ga; Gs; S, etc. Checking every candidate to determine whether such an S exists is intractable. We
now describe how QsymB addresses these challenges.

5.3.1 Canonical Form of Symbolic Rules. Given a candidate symbolic rule Gy; S; G, = G{; S; Gg,
where S is a symbolic variable representing a subcircuit satisfying the constraint M, we describe
how QsyMB derives the symbolic-matrix constraint or discards the candidate if no valid S exists.
We show that every candidate of this form can be reduced to, and derived from, a canonical-form
representation L; S = S; R.

Theorem 5.1. Given a gate set A, where each gate has a finite sequence of gates in A that implements
its inverse, and two circuits with a symbolic gate, G1;S; G, and G{; S; G,, where S is a variable that
represents subcircuits satisfying the constraint M and each G; is a concrete circuit, there exist circuits
L and R implemented over A such that [L] = [G:][G;] " and [R] = [G:] '[G;]- G1;S; G, and
G1;S; G} are equivalent iff L; S and S; R are equivalent.

Proor. If each gate has a finite inverse implementation in A, there is always a finite circuit
sequence that implements the inverse of G; and G;. We can left-append a circuit that implements
[G1]~! and right-append a circuit that implements [[G;] ™! to both sides of the equation to obtain
the canonical form. The reverse direction is similar. O

We call ([L], [R]) the canonical form of Gy;S; G; = G}; S; G,. A canonical form is valid if the
constraint M on S contains at least one solution such that the rule’s lhs and rhs are equivalent. The
rule L; S = S; R is one circuit-level representation of this canonical form, which we call a canonical
symbolic rule. Since each matrix can have many equivalent circuit representations, we discuss
below how QsymB enumerates only one representation for each canonical form.

The theorem’s premise that each gate has a finite inverse implementation in the gate set holds for
gate sets that arise in practice, including native gate sets for real hardware such as IBM [1], IonQ [14],
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Rigetti, and others, as well as standard textbook gate sets such as Nam [25] and Clifford+T [11].
This theorem allows QsYMB to enumerate only canonical symbolic rules, where S appears at the
two ends of the rule and on opposite sides (i.e., L; S on the lhs and S; R on the rhs). This significantly
reduces the symbolic-rule search space. After generating a canonical symbolic rule represented
as L;S = S; R with symbolic variable S, we can derive rules of the form Gy; S; G, = G;;S; G, by
left-appending subcircuits that implement the unitary matrix A and right-appending subcircuits
that implement the unitary matrix B to both sides, such that G; = AL and G; = RB.

Example 5.2. The RZ-merging symbolic rule: rz(y) q0;S;rz(0) q1 = S;rz(y + 6) g1 has the
canonical form:
rz(y) q0;S = S;rz(y) q1

We can derive the RZ-merging symbolic rule by right-appending rz(6) q1 to both sides of the
canonical form and then using a simple concrete rule in Fig. 1(c) to merge two RZ gates on the
right-hand side.

5.3.2 Enumerate Candidates. Even though we have reduced the search space of symbolic
rules to canonical form, it is still intractable to enumerate all possible candidates for L, R. The
representation of a canonical form is not unique because circuits L and R can be represented
by many equivalent circuits in an equivalence class. QsymB further reduces the search space by
enumerating one concrete circuit to represent L or R from each equivalence class generated during
concrete-rule synthesis and appending a symbolic variable S to it. Thus, for each canonical form,
we enumerate only one representation. The intuition is that, while concrete rules already capture
the equivalences between concrete circuits, we need to select only one representative from each
equivalence class to serve as the concrete part of a canonical symbolic rule.

5.3.3 Group Symbolic Terms. For concrete terms, we can efficiently group circuits approximately
using PIF. However, for symbolic terms, because of the infinite number of possible instantiations of
symbolic gates, it is hard to group symbolic terms into equivalence classes. QsyMB groups symbolic
terms with a variable S using necessary conditions for the existence of a solution. If the concrete
components L and R are placed in the same group, there may exist an instantiation of S satisfying
L; S = S; R; if they are placed in different groups, no such instantiation exists.

Lemma 5.3. Given unitary matrices Ly,, Ry, there exists a unitary matrix S such that SL, = R,S if
and only if L, and R, have the same eigenvalues, and each eigenvalue appears the same number of
times (i.e., has the same multiplicity) in both matrices.

Proor. If there exists a unitary matrix S such that SL,, = R,,,S, then multiplying both sides on
the right by st gives SL,,St = R,,SS" = R,,. Hence, L,,, and R,, are unitarily similar matrices, so
they have the same set of eigenvalues with the same multiplicities.

Conversely, if L,,, and R, have the same set of eigenvalues with the same multiplicities, then by
the spectral theorem, there exist unitary matrices U and V such that L,, = UDU" and R,,, = VDV,
where D is a diagonal matrix whose diagonal entries are the eigenvalues of L,,, and R,,. Let S = VU .
Then

SL, =VU'UDU" = VDU = VDV'VU' = R,S.
m}

Lemma 5.4. Given unitary matrices L, and R, if there exists a unitary matrix S such thatSL,, = R,,,S,
then L, and R,,, have the same trace.

Proor. The trace of a matrix is the sum of its eigenvalues. Thus, if L and R have the same set of
eigenvalues with the same multiplicities, they must have the same trace. O
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With the above two lemmas, QsyMB can group symbolic terms into classes, each of which
contains symbolic terms that have the same trace and the same set of eigenvalues with the same
multiplicities. This significantly reduces the search space of symbolic terms to be considered.
Because computing traces is relatively efficient, we first group terms by their traces and then
further test each term’s concrete eigenvalues within each trace group. Because identical traces
are a necessary but insufficient condition, they are used as a filter to eliminate a large number
of non-existent symbolic rules early, before computing the eigenvalues of L and R. For L and R
that have symbolic variables such as angles, we again utilize probabilistic grouping by sampling
concrete parameters to eliminate many non-existent symbolic rules whose lhs and rhs do not
have equal traces. After that, for each rule in the group, we check whether the eigenvalues are
symbolically equivalent with an SMT solver.

5.3.4 Solving Symbolic Matrix. Once we have grouped symbolic terms into classes, QsymB can
enumerate each circuit pair (L, R) and construct solutions to the equation [S][L] = [R][S]-
Solving this equation is equivalent to solving a set of linear equations and finding the nullspace of
the matrix K([R], [L]) = L, ®[R] - [L]" ® L, if [L] € C™" and [R] € C™", where I, is the
identity matrix of size n.

Example 5.5. Given a canonical symbolic rule cx g0 q1; S = S; cx q0 g1, QsyMB tries to solve for
S such that [S][CX] = [CX][S]- Solving the equation gives a list of basis matrices {By, ..., Bx }
that correspond to the solution space of S. After assigning a coefficient variable c;..ck to each
basis matrix, the derived symbolic matrix is equivalent, modulo variable renaming, to the symbolic
matrix in Fig. 7.

5.4 Synthesis Algorithm

Algorithm 2 shows the algorithm QsymB uses to synthesize symbolic rules. Line 2 shows that
QsywMB first collects representative terms from each equivalence class produced by concrete-rule
synthesis. ECs are computed by running equality saturation on the final concrete rule set L and
extracting a representative from each e-node. Line 3 groups the circuit terms T by their concrete
traces, with the symbolic angles in L, R evaluated using n sampled concrete values. This step
eliminates many invalid candidates early. Lines 4-14 show that, for each grouped class C, QsymB
enumerates each pair of terms (L, R) in C. Line 6 solves [S][L] = [R][S] as a linear system. The
result is a set of basis matrices whose linear combinations form the solution space of S. In Line
8, we validate the eigenvalues of L and R symbolically to determine whether a unitary solution
for S exists. The grouping steps significantly reduce the number of systems of linear equations to
be solved and eliminate a large number of non-existent symbolic rules early, avoiding the need
to solve S’s unitary constraints directly; these constraints form a list of non-linear equations.
Correctness By Lemmas 5.3 and 5.4, for each pair of terms L, R, there exists a unitary matrix S
such that S[L]| = [R]S iff eigenvalues(L) = eigenvalues(R). For L, R that have symbolic parameters
such as angles, we first sample concrete angles and compute each circuit’s concrete trace and then
validate the equivalence of the eigenvalues symbolically in Line 8 using the Z3 SMT solver [8] if B
is nonempty. Thus, all B derived by solving L; S = S; R have unitary solutions to the equations.

Completeness Because we take one representative from each equivalence class generated by
Algorithm 1, and Algorithm 1 generates an (n, g)-complete non-derivable concrete rule set, the
terms (L, R) are canonicalized to representatives, and Algorithm 2 generates all canonical symbolic
rules within qubit bound g and with concrete parts within bound n. It is not necessary to include
all terms in an equivalence class because, once we have a canonical form represented as L; S = S; R,
applications of concrete rules can always replace L and R with any of their previously generated
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Algorithm 2 Symbolic Rule Synthesis

1: function SYNTHESIZESYMB(ECs)
2 T « {Representative(EC) | for each equivalence class EC € ECs}
3 CC « group T by (concrete_trace(T)) > CC is a set of equivalence classes
4 for each class C € CC do
5: for each pair of terms (L, R) in C do
6 B « Solvelntertwiner(L, R) > Solve [STIL] = [RI[S]
7 if B # {} then
8 if eigenvalues(L) = eigenvalues(R) then > validate the eigenvalues
9: SymbolicRules < SymbolicRules U {(L,R, B)}
10: end if
11: end if
12: end for
13: end for

14: end function

equivalent terms. More intuitively, the concrete rules have already captured the equivalence
relations between concrete terms.

Lemma 5.6. For any symbolic rule ¢ and its canonical form represented as L;S = S; R, if L and R are
within size n and qubit bound q, then it can be derived from the canonical symbolic rules and concrete
rules generated by Algorithms 2 and 1.

Proor. It follows from Theorem 5.1 that ¢ can be derived from the canonical rule. O

Non-derivability We also show that each generated canonical symbolic rule is non-derivable from
the other generated canonical symbolic rules.

Definition 5.7. (Symbolic Matrix Satisfiability) Given a Symbolic Matrix S with variables vy, vy, ..., €
C, we denote M |= S if there exists a model M that assigns complex numbers or complex variables
to v1, 09, ...05.

A model M can be viewed as a matrix containing concrete numbers and/or symbolic parameters.
The matrix semantics of a quantum circuit is a unitary matrix that may also contain symbolic
parameters (e.g., angles), which can be checked against S. If it is a model of S, then it satisfies the
constraints of S.

Definition 5.8. For any two symbolic matrices S, S’, we denote S C S" if M |= S implies M |= S’
for any model M.

Lemma 5.9. Given a unitary matrix L and a matrix S with symbolic parameters, there exists a unique
unitary matrix R, up to variable renaming, such that SL = RS.

Remark 5.10. The symmetric version also holds for a unique L such that SL = RS, given S and
R. The lemma implies that the two unitary symbolic matrices L and S determine the R such that
SL = RS. The lemma is later used to prove the following theorem.

Theorem 5.11. Any canonical symbolic rule Ry is not derivable from the other generated canonical
symbolic rules.

These results imply that we generate a compact symbolic-rule set that represents a large family
of circuit equivalences, because symbolic variables can represent infinitely many unitary matrices.
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5.5 Checking Constraints

Once we have a valid symbolic rule R, we match a subcircuit by syntactically matching the lhs
pattern of the symbolic rule, producing a substitution that maps the variable S to a concrete
subcircuit C, § = {S : C}. The concrete part of the candidate must match the rule’s concrete
part, while the symbolic part S can match any subcircuit. After matching, we check whether §(5)
satisfies the constraint on S by testing whether the unitary matrix M of C is a model of symbolic
matrix S, i.e., M = S. QsymB checks whether each entry of M can be assigned consistently to
variables in S (the same variable in S must map to the same value in M). If such an assignment
exists, the constraint is satisfied. Since M is already unitary (from the matrix semantics of the
matched subcircuit), we do not re-check unitarity constraints. Qsyms avoids directly solving the
non-linear equations in subsection 5.2 by grouping terms for which unitary solutions for S exist
during candidate enumeration and by solving linear equations to obtain a general symbolic matrix
without explicit unitarity constraints. Intuitively, we do not need to solve for S to check whether
M |= S for a given unitary matrix M.

R% — R — R? [ RY

D
A\

X] 2

Fig. 9. Example of matching a symbolic rule on a CX-framed subcircuit.

Example 5.12. The symbolic rule
cx q0 gq1;S;¢cx g0 g1 — S;

can match a circuit in Fig. 9; the symbolic part S is matched to the subcircuit in the orange box.
The concrete unitary matrix M is:

0 oi(61+65) /2 0 0
o—i(01+0,) /2 0 0 0

M=(IQ[X])([RZ(O)][RZ(6D] ®I) = 0 0 0 i(01+6)/2
0 0 el (01+62)/2 0

It is straightforward to check that there exists an assignment of complex numbers to S in Fig. 7
such that M |= S:

a=00b= e—i(91+92)/2’c =0.d= e—i(91+02)/2’m — O,f =0,g= 0,h=0k= ei(01+92)/2’j =0

Thus, the constraint is satisfied, and we can apply the symbolic rule to optimize the matched subcir-
cuit. QsyMB also supports matching a k-qubit symbolic matrix S (k < n) with an n-qubit subcircuit
C. For example, if S is a 4 X 4 matrix that constrains only qubits x1, x;, and the matched subcircuit
contains n > 2 qubits xy, xy, . . ., X, then QsymB checks that C transforms xy, x; correctly regardless
of other qubits’ states. In addition, QsymB checks that the remaining qubits yield consistent results
for L; C and C; R, since S constrains only xy, x,. If interactions from x1, x; change other qubits in a
way that makes L; C and C; R inconsistent, the symbolic rule is not applicable.

5.6 Anchoring Canonical Rules

Most canonical symbolic rules are size-preserving and are useful when we want to move L and R
around the symbolic part S. The L part can move to the right side of S and become R. However,
size-reducing rules can sometimes transform circuits directly, speeding up the search process, rather
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INIT
A = Aipiy
APPEND-1 APPEND-2
L;S;R=Bs € A suffix L L, L.—>R.eAN A;=L;S;ReA prefix R L. L. > R. €A
A :={L¢;s;R = dropBack(L.,L); Bs} U A A := {As; dropFront(L;,R) = L; S; L.} U A
APPEND-3 APPEND-4
A;=L;S;Re A suffix L L, L.—>R. €A L;S;R=BseA prefix R L. L. —>R. €A
A := {dropBack(L.,L); As = Lc; S; R} U A A :={L;S; L. = Bs; dropFront(L.,R)} U A

Fig. 10. Inference rules for anchoring canonical rules

than first transforming the circuit using a size-preserving rule and then applying a size-reducing
rule. We can do this by appending prefixes and suffixes to the canonical rule. However, naively
enumerating all possible suffixes and prefixes will cause a combinatorial explosion, which is why we
derive canonical rules instead of all possible rules in the first place. Canonical symbolic rules serve
as the core, compact generative basis from which QsymB can construct rules. They can be viewed as
templates that can be instantiated into multiple concrete or symbolic transformations by prefixing
or suffixing the circuits. Yet, not all instantiations are meaningful. For example, left-appending or
right-appending a circuit that implements the identity matrix I to both sides produces a trivial
symbolic rule.

To avoid generating redundant variants, Qsyms introduces a novel technique that selectively
instantiates only those symbolic rules that are likely to "collaborate” with concrete rules to reduce
gates by appending carefully chosen prefixes or suffixes to both sides. Fig. 10 shows the inference
rules we use to derive anchored rules. A is the current rule context that stores all derived rules.
L,R, L., R; are concrete subcircuits that contain no symbolic variables. S is a symbolic subcircuit
variable. A; and By denote subcircuits that contain a symbolic variable. prefix/suffix X Y indicates
whether X is a proper prefix/suffix of Y. dropfront/dropback X Y indicates that, if Y is a prefix/suffix
of X, the operation drops Y from the front/back of X and yields the remainder. We assume that
concrete rules L, — R, are size-decreasing. Rule INTT initializes the rule set with all currently
generated rules. APPEND-2 first checks whether the concrete part R of the rhs of the canonical
symbolic rule is a prefix of the lhs L, of any concrete rule. If so, it can extend the rhs of the symbolic
rule by transforming R into L. and extend the lhs of the symbolic rule by adding, to the right of As,
the part that remains after removing the prefix R from L.. The other APPEND-X rules are similar.

Lemma 5.13. A always maintains a set of valid rules.

Lemma 5.14. IfR € A\ Ay is applied to a circuit C and results in C’, then a concrete rule in A can
subsequently be applied to C’. We define the full set of anchored rules as A \ Ajp;; together with the
canonical symbolic rules from which no additional rules are generated through anchoring.

Example 5.15. Consider the canonical symbolic rule from Example 5.2: rz(y) qo; S = S; rz(y) ¢i1.
QsywmB first observes that the concrete suffix on the right-hand side, rz(y) g1, matches the prefix of
the lhs of the concrete rule rz(a) q1; rz(f) g1 — rz(a + ) q;. Note that matching the symbolic
parameters creates a substitution § = {a : y}. Hence, QsymB can right-append 6(rz(f) q1) =
rz(f) ¢ to both sides of the canonical symbolic rule, producing the new symbolic rule:

rz(y) qo; S; rz(B) g1 — S; rz(y) q1; rz(B) q1. (5.1)
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Although the new rule (5.1) only appends a suffix to both sides, it "enables” the application of a
concrete rule in Fig. 1(c), which can transform (5.1) to a size-reducing rule:

rz(y) qo; $; rz(B) i — S rz(y + p) 1. (5.2)

Only the symbolic rule (5.1) is retained as an anchored extension of the canonical rule, while the
subsequent transformation (5.2) can result from applying existing concrete rules during runtime
optimization.

6 Applying Rules
We demonstrate that our generated rule sets can be easily integrated using standard techniques such
as equality saturation [40] and a search-based stochastic algorithm such as simulated annealing [17].
We also show in the next section that these simple techniques achieve good results. Our generated
rule sets are small and compact, allowing for the composition of a large number of rules. We easily
integrate our concrete rules into existing equality-saturation engines [41, 48]. However, because
of the limitations of equality saturation, an engine can run for only a small number of iterations
before e-node explosion, when too many circuit terms are stored in the e-graph. Although the
generated concrete rules can be easily used by equality saturation to compose larger rules, the
e-graph is rarely able to saturate because it quickly fills with e-nodes when optimizing large circuits.
In our experience, equality saturation can run for only up to 15 iterations before the number of
e-nodes explodes. For a larger circuit, it can run for only around 5-10 iterations. Thus, we combine
our concrete rules using equality saturation and apply symbolic rules using a simple stochastic
algorithm that randomly selects and applies a symbolic rule. If the application reduces the current
cost, it is accepted. Otherwise, it may be accepted with a small probability. Our intuition is that
concrete rules can achieve global optimization within a limited circuit window (by running a limited
number of equality-saturation iterations) and can quickly optimize short-distance subcircuits to an
optimal size, whereas symbolic rules can achieve long-distance optimization by matching long-
distance patterns and can serve as an exploration mechanism after concrete rules can no longer be
applied. After an anchored rule is applied, concrete rules in an e-graph can again yield progress.
Algorithm 3 shows the overall search-based optimization algorithm. The algorithm runs in a
while loop until timeout. In each outer iteration, it runs 1 to N iterations of equality saturation,
alternating with the application of symbolic rules. In each symbolic step, it randomly selects a
symbolic rule and matches it against the current search circuit. If a matched subcircuit is found, it
applies the symbolic rule to obtain a new circuit. The Match method scans the circuit graph once
per iteration (linear in gate count). O(n?) behavior arises only when many overlapping matches
are attempted within the same window. However, with anchored symbolic rules, the added prefixes
and suffixes limit a symbolic rule’s matches to subcircuits that, after rewriting, enable a later
size-reducing concrete rule. If the new circuit has a lower cost than the current circuit, it is accepted
as the new search state. Otherwise, it may still be accepted with a small probability. It then builds an
empty e-graph from the current circuit, saturates it with concrete rules for k iterations, and extracts
the lowest-cost circuit according to the cost model, which can be either the number of two-qubit
gates or the total number of gates. After N iterations, the algorithm starts over from k = 1. When
timeout is reached, the best circuit encountered is returned. T is a temperature hyperparameter
that adjusts the acceptance probability [17]: larger T yields higher acceptance probability. We
allow users to specify a window with a lower bound and an optional upper bound on the sizes
of subcircuits that S can match, such that a symbolic rule matches S to a subcircuit larger than /
and smaller than u, while concrete rules find equivalences in subcircuits smaller than I. The lower
bound ensures that symbolic and concrete rules do not overlap in their roles. This setting also
provides flexible control: a larger or unlimited window allows S to match larger subcircuits and
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Algorithm 3 Circuit Optimizer

1: function OpTiMIZE(c, N, ConcreteRules, SymbolicRules, T)

2 currentCircuit < ¢

3 bestCircuit « ¢

4: while not Timeout do

5: for kin 1 to N do

6 rule « RandomSelect(SymbolicRules)

7 matchedSubcircuit «— Match(currentCircuit, rule.lhs)

8 if matchedSubcircuit # None then

9 newCircuit « ApplyRule(currentCircuit, rule, matchedSubcircuit)

10: if Cost(newCircuit) < Cost(currentCircuit) then
11: currentCircuit < newCircuit

12: else

13: p « exp(-(Cost(newCircuit)-Cost(currentCircuit))/T)
14: if Random(0,1) < p then

15: currentCircuit < newCircuit

16: end if

17: end if

18: end if

19: if Cost(currentCircuit) < Cost(bestCircuit) then
20: bestCircuit « currentCircuit

21: end if

22: eGraph < EmptyEGraph(currentCircuit)

23: eGraph < eGraph.saturate(ConcreteRules, k)

24: currentCircuit < ExtractBest(eGraph, CostModel)
25: if Cost(currentCircuit) < Cost(bestCircuit) then
26: bestCircuit « currentCircuit

27: end if

28: end for

29: end while

30: return bestCircuit

31: end function

prioritize broader transformations, while a smaller window focuses on smaller subcircuits so that
each match runs faster and more rules can be explored. This does not mean that the system cannot
optimize circuits larger than u: such optimizations can be performed through multiple symbolic
rewrites.

7 Implementation and Evaluation

We implemented QsyMB in approximately 3.2k lines of Java and 1.0k lines of Python. The synthesis
engine (including both concrete-rule and symbolic-rule synthesis) is implemented in Java. Our
concrete rule term enumerator is built on Queso’s enumerator [42]. The constraint-checking
module is implemented in Python using SymPy [23] to model and solve linear systems over
symbolic matrices. For equality saturation, we use the open-source e-graph library egglog [48]. In
this section, we evaluate QsymB and answer the following research questions.

e (1) How do QsymB’s rules compare to rewrite rules generated by other quantum synthesis
engines?

e (2) How do the formalized techniques help speed up the process of symbolic rule generation?

¢ (3) How does QsymB, when used with simple optimization techniques, compare to existing
state-of-the-art quantum circuit optimizers?

e (4) What effect do symbolic rules have on optimization? What is the difference among using
only concrete rules, using canonical symbolic rules, and using anchored rules?
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Experimental Setup. All experiments were run on an AMD Ryzen 9 9950X (16 cores) with
128GB RAM, running Ubuntu 22.04.

7.1 Rewrite Rule Synthesis

Table 1. Concrete rule-set size (number of rules) generated by Qsyms that fully derive prior rules

Gateset Gates | #Rules (QsYmB) #Rules (Prior) | n | Time
ibm-eagle ‘;X’erz 179 4615 (Queso) | 5 | 770s
nam | B 194 | 8816 (Quartz, Queso) | 5 | 341s
Iz cx ’

. . rx1 rx2
rigetti %3 17 2 46 | 8773 (Quartz, Queso) | 5 | 484s
ion | Y 180 11777 (Queso) | 3 | 237s

I'Z XX

Size Comparison. We evaluate the concrete rules generated by Qsyms on four gate sets: (1)
IBM-Eagle for IBM devices, (2) Rigetti’s gate set, (3) an ion-trap gate set [14], and (4) the gate set
of Nam et al. [25]. The IBM and Rigetti gate sets target superconducting devices, which currently
constitute the largest physically realized quantum hardware. We conduct a size-comparison study
to show that our concrete rule set (rule-set size = number of rules) remains compact while still
deriving rules from prior work. We collect the gate-set grammars used by previous systems [42, 44]
so that the generated QsymB rules can cover their concrete rule spaces for a fair comparison.
Table 1 reports both rule-set size (number of rules) and the maximum rule-length bound used
during synthesis. For the IBM-Eagle, Nam, and Rigetti gate sets, we use a maximum rule length
of 5, whereas for the ion gate set, we use a rule length of 3. Quartz does not report rules for the
IBM-Eagle and ion gate sets. We choose synthesis bounds that allow synthesis to finish within 15
minutes and show optimization effectiveness in the next subsection.

Results. Across all four gate sets, QsYMB generates concrete rule sets that are 26x-191x smaller
while still deriving all rules generated by Queso and Quartz.

Symbolic Rules. Because QsymB synthesizes Table 2. Anchoring cost of symbolic rules
symbolic rules that differ from prior approaches, Gateset | #Rules | Time (s) | size
we compare end-to-end optimization performance ibm-eagle 436 0.6 5
against tools that use monomial symbolic rules in the nam 484 1.1 5
next subsection. Here, we evaluate how our formal- rigetti 97 0.5 5
ized techniques accelerate symbolic-rule synthesis ion 607 0.8 3

and filter large numbers of invalid candidates. To

measure the effect of property-based grouping, we compare Qsyms with grouping enabled and
disabled. Since a symbolic gate can match arbitrarily long subcircuits, in practice we generate
only canonical symbolic rules with short concrete parts, then use anchoring to construct longer,
optimization-effective rules. In practice, we use a canonical symbolic rule size of 3 for the IBM,
Nam, and Rigetti gate sets, and 2 for the ion gate set; all are synthesized within 5 minutes. Table 3
reports the number of canonical symbolic rules and synthesis time with and without property-based
grouping. We then anchor canonical rules to generate longer symbolic rules. Table 2 reports the
number of anchored symbolic rules and anchoring time.

Results. Property-based grouping significantly reduces the search space for canonical symbolic-
rule generation, yielding an average speedup of 11.6x. Without grouping, synthesis is inefficient
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Table 3. Synthesis of canonical symbolic rules with and without property grouping

Gateset | #Rules | Cost w/ Grouping (s) | Cost w/o Grouping (s) | Speedup | size

ibm-eagle 101 24 40.9 17.0x 3
nam 139 8.4 61.0 7.3x 3
rigetti 81 19.0 199.5 10.5x 3
ion 59 2.4 27.5 11.5x 2

because candidates from both sides of a rule must be enumerated and checked one by one. Table 2
shows that anchoring runs in seconds, because we anchor only canonical rules that can enable a
later concrete rewrite and we generate a small number of concrete rules.

Summary of Questions 1 and 2. The concrete rewrite rules generated by QsymB are much
smaller than those of prior quantum rewrite synthesizers, while still semantically covering their
rules. Grouping by symbolic properties significantly accelerates symbolic-rule synthesis. Anchoring
efficiently derives useful rules from the canonical rule set without exhaustive enumeration.

7.2 Optimization Performance

To evaluate symbolic-rule quality and application effectiveness, we conduct three experiments: (1)
comparing full QsymB (concrete + symbolic rules) against state-of-the-art optimizers; (2) comparing
full QsymB against two ablations (concrete-only and concrete + canonical symbolic rules); and (3)
measuring the effect of anchoring on optimization performance.

Metrics. We use two-qubit-gate reduction to evaluate QsymB. We focus on two-qubit gates
because, on NISQ hardware, they typically have much higher error rates than single-qubit gates.
The metric is the percentage reduction in two-qubit-gate count relative to the original circuit.

Original Count — Optimized Count

Percentage Reduction = *100%

Original Count

In addition, to evaluate practical quality, we compute circuit fidelity. The fidelity of a gate g is
n

1 — error_rate(g), and the fidelity of a circuit is []}_, fidelity(g;). Gate error rates are taken from
Qiskit’s calibration data for IBM Washington [1].

Benchmarks. We use benchmarks from prior rewrite-based optimizers [42, 44] and approximate
optimization work [30]. Our benchmark suite contains 135 circuits spanning near-term and long-
term algorithms, including QAOA [10], VQE [31], QPE [20], QFT [7], Grover [12], and Shor [34]. It
also includes benchmark families used by Queso and Quartz. All input circuits are decomposed
into the target gate set. The circuits contain an average of 1371.8 gates; the maximum is 17438, and
the minimum is 15. They use an average of 13.3 qubits; the maximum is 36, and the minimum is 4.

Experiment Setup. We set temperature T = 10.0 and run N = 9 equality-saturation iterations
in Algorithm 3. Each target has a 60-minute timeout. We evaluate on the IBM-Eagle and Nam gate
sets, using all generated concrete rules and anchored symbolic rules, with 3 trials per benchmark.
We set the symbolic-match window to [10, co] so that symbolic and concrete rules do not overlap in
the same local region. Each data point is averaged over 3 trials. We compare against state-of-the-art
rewrite-based tools: Quartz [44], Queso [42], Qiskit [1], and TKET [35]. We also compare with
Guoq [43], which combines resynthesis and rewriting; for fairness, we compare against its rewrite
engine. Guoq’s rewrite engine is adapted from Queso and therefore uses a similar rule set. Among
the compared tools, Queso and Guoq use monomial symbolic rules, Quartz uses concrete rules with
symbolic parameters, and Qiskit/TKET use only concrete rules. We run Guoq, Quartz, and Queso
using the settings and trial procedures reported in their papers. For Qiskit, we use optimization
level 3. Table 4 summarizes each tool’s approach and symbolic-rule support. Column "Used Symb"
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denotes whether the tool uses symbolic rules. Column "Synthesize Symb" denotes whether the tool
itself synthesizes symbolic rules.

Ours Ours Ours Ours Ours
£ 0.8 Qiskit Guoq Rewrite Quartz Tket Queso
5 J J J J
Los F 7 7 4 /
Sos / / / 7 /
':‘ ’ ~ e ~ /"/ / — -~
o o -~
N2 / o — / o
7/ & Vi ¥4 £
Ours Better 121/135 90/135 111/135 115/135 113/135
Ours Worse 3/135 16/135 5/135 10/135 1/135
Equal [l 11/135 I 29135 || 19/135 | | 10/135 | | 21/135
Ours ' Ours e Ours 7 Ours £ Ours v
0.8 Qiskit /";’ Guog-Rewrite * Quartz /' Tket /‘” Queso v %
Zos 72 £ /5 £ £
2. . . - A e
i o 7 # < P P
02| A Ve Vet Pl
7 Vs s 7 A
Ours Better 120/135 106/135 128/135 117/135 117/135
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Equal 0/135 n 8/135 1 4/135 | 1/135 n 9/135
Fig. 11. QsymB versus state-of-the-art optimizers on IBM-Eagle gateset
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Fig. 12. QsYMmB versus state-of-the-art optimizers on Nam gateset
Table 4. Comparison of tools and their approaches
Tool Opt Approach Used Symb Synthesize Symb
QsymB Eqsat & Simulated Annealing v full infinite space
Guog-Rewrite [43] Simulated Annealing v X
Queso [42] Beam Search v monomial finite space
TKET [35] fixed passes X X
Qiskit [1] fixed passes X X
Quartz [44] Beam Search X X

Results. Fig. 11 shows two-qubit reduction and fidelity against state-of-the-art optimizers on
the IBM-Eagle gate set. The x-axis orders benchmarks by Qsyms’s result (from smaller to larger
reduction/fidelity). We observe that QsymB outperforms other optimizers on most benchmarks. In
two-qubit reduction, Qsyms strictly outperforms Qiskit [1], Guoq [43], Quartz [44], TKET [35],
and Queso [42] on 90%, 67%, 82%, 85%, and 83% of benchmarks, respectively. For fidelity, Qsyms
strictly outperforms Qiskit [1], Guoq [43], Quartz [44], TKET [35], and Queso [42] on 89%, 78%,
94%, 87%, and 87% of the benchmarks. Search-based tools (Quartz, Queso, and Guoq) continue
optimization until timeout, while fixed-pass tools (Qiskit and TKET) terminate after their pass
sequence completes. The average runtimes for Qiskit and TKET are 9.3s and 12.1s, respectively.
Fig. 12 shows two-qubit reductions for the Nam gate set across optimizers. Since Nam does not
have real-hardware fidelity data, we show only two-qubit reduction. QsymB strictly outperforms
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Qiskit [1], Guoq [43], Quartz [44], TKET [35], and Queso [42] on 88%, 74%, 81%, 86%, and 82.9% of

the benchmarks, respectively.

Runtime. The figure on the right shows a runtime comparison of
the average two-qubit reduction against state-of-the-art optimizers
on the IBM-Eagle gate set, computed as 1 — %m. The
results for the Nam gate set are similar to those for IBM-Eagle, so
we omit them for brevity. As shown, Qsyms starts slower than Guoq
in the first 10 minutes. However, as Guoq slows down, QsYMB con-
tinues to make progress, converges faster than Guogq, and reaches
better final results. For fixed-sequence optimizers such as Qiskit
and TKET, optimization terminates after a few seconds and the re-
sults then remain unchanged. QsymB performs significantly better

N
v

N
o

=
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2Q Gate Reduction (%
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than Queso and Quartz, both by converging faster and by achiev- |—a-- QsyMB --#:: Quartz
ing better final results. QsymB reaches a final average two-qubit | —*— GUOQ — - Qiskit
QUESO —+— tket

reduction rate of 27.44% and average fidelity of 0.49 on IBM-Eagle;
QsyMmB reaches a final average two-qubit reduction rate of 29.95%
on the Nam gate set.

Summary of Question 3. By combining compact concrete rules, expressive symbolic rules for
long-distance matching, and anchoring, Qsyms significantly outperforms state-of-the-art rewrite-
rule-based optimizers in both convergence rate and final results. The runtime results show that
QsyMB continues to make progress after ten minutes, in contrast to prior work, demonstrating the
effectiveness of our synthesized optimizations.

7.3 Ablation Study

We further evaluate the impact of symbolic rules by comparing full Qsyms against two ablations:
QsymB with only concrete rules, and Qsyms with concrete rules plus canonical symbolic rules.
To isolate the effect of our concrete-rule synthesis algorithm, we also compare the concrete rules
generated by Algorithm 1 against the same number of rules randomly selected from more than six
thousand rules generated by Queso. We use the same temperature and iteration settings as in the
previous experiment. Additional ablation studies are provided in Appendix C, including the effect
of symbolic-rule window sizes and the impact of anchored rules versus canonical rules over time.

1.0

o Full o Full
Only Concrete Symb Cano+Concrete
0 0.8
-
5 .
y 2
g { ¢
g / /
3 o e
g 0.4 ’/ - - A
< —
502 / o
0.0 f
Full better 104/135 61/135
Full worse 3/135 4/135
Equal’ 28/135 70/135

Fig. 13. Full Qsyms vs. QsymB with only concrete rules vs. Qsyms with
canonical symbolic rules
Results. Fig. 13 compares full QsymB against two ablations: QsymB with only concrete rules, and

QsyMB with concrete rules plus only canonical symbolic rules. The results show that full Qsyms
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performs as well as or better than the concrete-only variant in 97% of cases and is strictly better in
78% of cases. With anchored symbolic rules—formed by appending prefixes and suffixes to many
canonical rules—full Qsyms further improves optimization, performing as well as or better than
the canonical-symbolic-plus-concrete variant in 97% of cases, and strictly better in 31% of cases.
In the best case, full QsymMB improves two-qubit-gate reduction by 21%. Fig. 14 compares QsyMB
using the concrete rules generated by Algorithm 1 against an equal number of rules randomly
selected from the Queso rule set [42] of over six thousand rules. For a fair comparison, we perform
three trials. In each trial, we independently sample a new random rule set with the same number
of rules. Fig. 14 reports the mean across the three trials. The randomly selected rules make almost
no optimization progress because each set consists of 179 rules randomly selected from more
than six thousand and is unlikely to derive the complete equivalences within the (n, g) bounds.

1.0
Summary of Question 4. The results show that the com- + Concrete

bined approach achieves significantly better optimization rendom
than either component alone. Rule anchoring further im-
proves optimization beyond what is achieved by canoni-
cal symbolic rules and concrete rules alone. The concrete-
vs-random comparison also shows the importance of Al-
gorithm 1: a compact, non-derivable, and (n, q)-complete
concrete rule set is substantially more effective than an
equally sized random subset of a much larger rule set. 0.0 v

Concrete Better 107/135
Random Better 0/135

8 Discussion and Future Work Equal [28/135]

° ° °
IS o ®

2q Reduction Rate

°
N

As in prior bounded rewrite-rule synthesizers [42, 44],
the search space grows exponentially with qubit count
and rule size. In practice, however, we choose rule sizes
that allow optimization to converge quickly while still
producing strong results. Thus, like Queso [42] and Quartz [44], QsYMB restricts synthesis to rules
over at most 3 qubits. For example, Quartz reports that larger rule sizes (n) or rule qubit counts (q)
do not necessarily yield better optimization results and can sometimes degrade performance. For
QsyMB, most larger-size concrete rules are eliminated by the e-graph, so searching for larger-size
rules that will mostly be eliminated is not an effective strategy. Our evaluation shows that simple
optimizers using small-size non-derivable concrete rules together with e-graphs and symbolic rules
can outperform existing work.

One interesting direction for advancing the optimization algorithm is to use machine-learning
techniques to guide the application of symbolic rules. For example, using an LLM to analyze
the structure of a circuit and apply symbolic rules in a guided way could potentially improve
optimization performance. Additionally, integrating QsymB’s rewrite-rule engine with resynthesis
techniques [30, 47] to further improve optimization is left for future work.

Fig. 14. Concrete QsymB vs. the same
number of randomly selected Queso rules

9 Related Work

Synthesis of Quantum Optimizations. Several works have explored the synthesis of quantum
circuit optimizations. Queso [42] is a quantum circuit optimization rule synthesizer that generates
rewrite rules and checks equivalence using efficient polynomial testing, but it does not perform SMT-
based checking, which can lead to low-probability false positives. Queso only supports symbolic
circuits with monomial gates, which represent only a small and finite fraction of the solution space
captured by symbolic rules. Quartz [44] is another quantum circuit optimization rule synthesizer
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that generates rewrite rules by enumerating all possible circuits within given size and qubit bounds,
and it supports symbolic parameters such as angles. Qsyms follows Queso’s approach to group
circuits and uses equality saturation for concrete-rule synthesis, resulting in a much smaller rule
set that is validated by an SMT solver while ensuring (n, q)-completeness. In addition, unlike these
two prior works, QsyMB supports synthesis of symbolic rules whose symbolic variables represent
infinite interpretations of subcircuits, and introduces a property-grouping method that enables the
generation of such expressive symbolic rules.

Quantum Circuit Optimizers. Most quantum-circuit compilers use a fixed set of hand-crafted
optimizations [1, 2, 5, 13, 25, 35, 36]. PyZX [19] represents a circuit as a ZX-diagram and applies
the graphical rewrite rules of ZX calculus. Many works have developed verified compilers for
quantum circuits; for example, VOQC [13] is a formally verified quantum circuit optimizer built
on top of Coq. Giallar [38] utilized an automated verification approach based on SMT solvers
to verify Qiskit optimization passes. Quarl [21] utilizes reinforcement learning to schedule the
application of rules generated by Quartz. Some other works have used resynthesis techniques
to optimize quantum circuits [30, 47]. The approach partitions circuits into several subcircuits
and resynthesizes each subcircuit’s unitary matrix to get a new optimized subcircuit. Many other
optimization works [6, 15, 22, 24] adopt superoptimization, finding the optimal solution for small
programs that are later used in peephole optimizers. Qsyms utilizes a symbolic unitary matrix to
represent the constraint of a symbolic subcircuit in a rewrite rule.

Equality Saturation. With recent progress in fast, efficient equality-saturation engines [41, 48],
many works have used equality saturation [40] to optimize programs in various domains, including
classical programs [41, 48], math libraries [29], and tensor programs [46]. QsYMB’s concrete rule
inference is most related to general equality-saturation-based rule-inference engines such as
Ruler [26] and its successor Enumo [28]. QsyMB integrates a domain-specific polynomial identity
filter [42] to group quantum circuits and employs circuit-pruning techniques to reduce the search
space. Quasar [45] is concurrent work that runs sequential and graph-level equality saturation in
parallel on quantum circuits and uses equality saturation to filter concrete rules from prior work.
QsyMB uses equality saturation to synthesize concrete rules bottom-up for any given gate set G
and synthesizes symbolic rewrite rules.
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